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If   X   is  a  topological  space  and  n   is  a  positive  integer, 

then   X   is  said  to  admit  an  n-mean  provided  there  is  a  continuous 

function  m  :  X  -»  X   such  that   m(x,. . .  ,x)  =  x   for  each  element  x  of 

X   and  such  that   m(x.,  , ...  ,x  )  is  invariant  under  permutations  of 

1      n 

x  x  .   In  Section  1,  a  summary  of  known  results  is  given.   In 

Section  2,  we  define  what  is  called  a  uniform  n-mean,  show,  that  a  space 
admits  a  uniform  2-mean  if  and  only  if  it  admits  a  2-mean  and  that  if 
a  space  admits  a  uniform  n-mean  (n^3),  then  it  admits  an  n-mean. 
It  is  proved  that  if  a  compact  Hausdorff  space  is  a  retract  of  its 
hyperspace,  then  it  is  acyclic. 

In  Section  3,  we  characterize  those  solenoids  which  admit  an 
n-mean  (Proposition  3.5),  give  an  example  of  a  non-acyclic  continuum 
which  admits  an  n-mean  for  each  positive  integer  n,  and  show  that  the 
admissibility  of  an  n-mean  is  a  strictly  weaker  condition  than  admis- 
sibility of  a  uniform  n-mean  whenever   n>2. 

In  Section  4,  it  is  shown  that  the  first  Alexander  cohomology 
group  of  any  space  is  torsion  free  (integral  coefficients)  and  this  is 


IV 


used  to  prove  a  technical  result  (Proposition  4.7)  which  is  used  for 
several  purposes:   we  are  able  to  give  new  examples  of  contractible 
spaces  which  admit  no  n-means ,  to  prove  that  if  a  compact  Hausdorff 
space  admits  an  n-mean  (n^2),  then  each  of  its  non-zero  cohomology 
groups  (integral  coefficients)  is  uniquely  n-divisible,  and  to  prove 
that  if  a  continuum  X  admits  an  idempotent  continuous  multiplication 
having  a  zero,  then   X   is  acyclic. 

Section  5  contains  a  few  open  questions. 


INTRODUCTION 

What  exactly  is  an  average?   What  properties  should  it  have? 
There  are  many  plausible  answers  to  this  question  (see,  for  example, 
Aczel  [1],  especially  Sections  5.3  and  6.4)  but  the  objective  here  is 
to  define  a  certain  kind,  call  it  a  2-mean,  generalize  the  concept 
a  bit  and  study  conditions  under  which  such  a  thing  may  or  may  not 
exist. 

In  a  paper  of  1944,  G.  Aumann  [2]  defined  an  n-mean  (n  a  posi- 
tive integer)  on  a  topological  space  X  to  be  a  continuous  function 
m:X  -*X  such  that  m(x,x x)  =  x  for  each  x  e  X  and  such  that 

m(x„ , . . . ,x  )  is  invariant  under  permutations  of   x , x  .   He  proved 

In  In 

that  there  can  be  no  n-mean  (n^2)  on  the  k-sphere,  where  k  ^  1. 
Now  the  intuitive  feeling  one  might  supply  to  justify  this  fact  is 
that  the  "hole"  in  S   is  responsible  for  this  turn  of  events;  however, 
an  example  (the  n-solenoid)  mentioned  by  Eckmann  [9]  shows  that  a  space 
may  admit  an  n-mean  in  spite  of  "having  holes."   Furthermore,  Bacon  [5] 
gives  an  example  of  a  contractible  space  (no  holes)  which  admits  an 
n-mean  for  no   n^2, 

What  exactly  does  cause  a  space  to  admit  or  fail  to  admit  means? 


SECTION  1   MEANS  ON  SPACES 

The  theorems  stated  in  this  section  are  previously  known  results 
(except  for  Theorem  1. 10)  which  will  be  assumed  in  the  succeeding  two 
sections.   It  will  be  noted,  however,  that  all  the  theorems  of  this  sec- 
tion follow  from  results  of  Section  4  and  that  the  proofs  in  Section  4 
are  independent  of  the  preceding  sections. 

Definition  1.  1 

A  2-mean  on  a  topological  space  X  is  a  continuous  function 
m:XxX_,X  such  that 

(i)  m(x,x)  =  x  for  each  x  e  X, 
and  (ii)  m(x,y)  =  m(y,x)  for  all  x,y  e  X. 
In  this  case,  X  is  said  to  admit  the  2-mean  m. 

Examples 

The  real  numbers  R  admit  the  2-mean  m:RxRHR  defined  by  either 
of  the  rules 

(1)   m(x,y)  -    (x+y)/2       (Arithmetic  Mean) 
or      (2)   m(x,y)  =  inf  {.x,y}. 

The  positive  reals  admit  the  2-mean  m  defined  by  (1)  or  (2) 
above  or  by 


(3)   m(x,y)  =  /•/  x-y  (Geometric  Mean)  . 


The  closed  unit  interval   I  =  [x  SR  |  O^x^l]  admits  the  2-mean 
in:  I  x  I  ""*  I   defined  by  (1),  (2)  or  (3)  above  or  by 


2xy/(x+y)     if   x  +  y  ^  0 
(4)   ra(x,y)  =  I  (Harmonic  Mean), 

0         if   x  =  0  =  y 


The  concept  of  a  2-mean  on  a  space  generalizes  in  a  natural  way 
to  a  mean  of  n  variables  where  n  is  any  positive  integer  (Eckmann' s 
definition) . 

Definition  1. 3 

A  space  X  admits  an  n-mean  provided  there  exists  a  continuous 

function  m:X  -*X   such  that 

(1)   m(x  x      x  )  =  rn(x  ..,..., x  .  .  )   for  every  permutation 
12      n       tt(1)      n(n)  J 

tt  of  [l,  .  .  .  ,  ii }   and  for  every   (x  ,  .  .  .  ,  x  )  e  X 

and     (2)   m(x,x,...,x)  =  x     for  each   x  e  X. 

In  this  case,  we  say  m  is  an  n-mean  on  X.   For  n  =  1,  note  that  every 
space  admits  a  uniquely  determined  1-mean  (the  identity  map) ;  conse- 
quently, our  discussion  of  n-means  will  be  restricted  to   n^2. 

For  a  fixed  n,  no  characterization  of  spaces  admitting  n-means 
is  known,  but  there  are  many  partial  results. 

Theorem  1.4   (Bacon  [4]) 

If   X   is  a  compact  subset  of  R   (p  > 1)  and  X  admits  an  n-mean 


for  some  n  > 2   then   R  \X  is  connected. 


2 

If   X   is  a  compact  locally  connected  subset  of   R""  and   nS2, 

2 

then  X   admits  an  n-mean  if  and  only  if   R  \x  is  connected. 

(See  also  Proposition  2. 10)  below. 


Definition  1. 5 

If  G  is  a  group  and  n  a  positive  integer,  then  G  is  said  to  be 

n-divisible  provided  the  map   g  •-•  ng  is  onto;  G  is  divisible  provided 

it  is  n-divisible  for  all   n^l,   G  is  uniquely  n-divisible  provided 

the  map   g  *-•  ng  is  an  automorphism  of  G.   A  homomorphic  n-mean  on  a 

topological  group  G  is  an  n-mean  m: G  -*  G   such  that   m(x  +y x  +y  ) 

m(x    x   )    +   m(y    y    )    whenever      x    x    ,y    y      s   G. 

In  In  lnln 

Notice  that  a  divisible  group  is  torsion  free  if  and  only  if  it 

is  uniquely  n-divisible  for  each   n  ^ 1. 

If  G  is  a  uniquely  n-divisible  group,  a  homomorphic  n-mean  may 

be  defined  on  G  by  the  assignment  (x  , . . . ,x  )  *-   — (x  +x  +. . . +x  )  where  — 

1      n    n  1  2      n        n 

denotes  the  inverse  of  the  automorphism  g  H  ng  of  G.   Eckmann  has 
shown  that  these  are  the  only  homomorphic  n-means. 

Theorem  1.6   (Eckmann  [9],  p.  331) 

If  a  group  G  admits  a  homomorphic  n-mean  M,  then 

(1)  G  is  Abelian, 

(2)  G  is  uniquely  n-divisible,  and 

(3)  M  satisfies   M(x  x  )  =  -(x+...+x  )     (x.  e  G) . 

1      n    n   1      n       i 

(See  also  Proposition  4.2  below.) 

...■■.■  \  .  :.  r   (Eel inn  [9]) 

If  a  space  X  admits  an  n-mean,  then  the  fundamental  group 
of  X,  'i(X),  admits  a  homomorphic  n-mean. 

(See  also  Proposition  4.3  below.) 


Theorem  1. 8   (Sigmon  [19]) 

Suppose  X  is  a  continuum  and  R  a  principal  ideal  domain  such 
that   H  (X;R)  is  torsion  free  as  an  R-module  for  all  p  ^  1.   If  X  admits 
an  n-mean,  then  H  (X;R)  is  uniquely  n-divisible  for  all  p  -  1. 

We  remark  that  if  R  is  the  integers,  the  hypothesis  of  Theorem  1.8 
can  be  weakened  to  X  compact  T   and  no  assumptions  on  H  (X;Z)  and  still 
draw  the  same  conclusions. 

(See  Proposition  4.13.) 


Corollary  1.9 

If  a  compact  T0  space  X  admits  an  n-mean,  then  H  (X;Z  )  =  0 
2.  n 

for  all   p  ^  l.   (Z  is  the  integers  mod  n. ) 

n 

(See  also  Corollary  4. 12  below. ) 


Theorem  1. 10 

If  X  is  a  continuum  and  there  exists  an  idempotent  continuous 
map   u.:XxX  -»  X  having  a  zero,  then  HP(X;Z)  =  0   for  all   p  ^  1. 

This  theorem  will  be  proven  in  Section  4.   See  Proposition  4.14. 


SECTION  2   HYPErtSPACES  AND  MEANS 


If  X  is  a  T  -space,  then  the  hyperspace  of  X,  denoted  2  ,  is 
the  space  whose  elements  are  the  nonvoid  closed  subsets  of  X  and  whose 
topology  is  generated  by  sets  of  the  form 

X      n 

<U1>...  ,lO  ^{Ce2'|cc  |j  u   and   c  fl  U.  4   0   Cor  each   i  S  n] 

i-1   1  x 

where  n  is  a  positive  integer  and  each  of   U  ,... ,U   is  open  in  X. 

1      n 

y 

For  each  positive  inti  jer  n.  -'  (X)  will  denote  the  subspace  [c  s  2'  I 

n 

C  has  at  most  n  elements};  note  that  we  have  a  tower   '/  (X)  c:  >'  (X)  c  .. 

GO 

X 

;e  union   >'(X)      U  >'  (X)  is  dense  In  2  .   The  embedding   x  •"•  fx] 

n  J 

n  l  X 

will  henceforth  be  used  to  regard  X  as  a  subspace  of  2  .   It  is  well 

\^ 
known  that   2   is  compact  and  T   if  and  only  if   X  is  compact  and  T  ; 

also,  2   is  connected  if  and  only  if   X  is  connected.   See  Michael  [16], 

Theorems  4.2,  4.9,  t.  10. 

Definition  2.  1 

A  T  -space  is  said  to  admit  a  uniform  n-mean  provided  X  is 

a  retract  of  J   (X).   In  this  case,  a  retraction  v.J   (X)  -*  X  is 
n  n 

•  a.]  led  a  uniform  n-mean  (on  X) . 

In  the  following  lemma,  (i)  was  stated  in  [16]  without  proof, 
(ii)  was  stated  in  [7],   '  •  rem  2,  for  each  k  S  2  but  is  false  for 
k  -  3  ([11],  p.  308),  and  in  (iii)  the  stronger  conclusion  that  f  is 
a  closed  map  holds  [11]. 


Lemma  2.2 

If  X  is  a  T  -space,  k  is  a  positive  integer  and  if   f:X  -*!?  (X) 

J.  K 

is  defined  by   f (x  x  )  =  {x  , . . . ,x  } ,  then 

J.         K         A.  K. 

(i)   f  is  continuous, 
(ii)   if  k  =  2,  then  f  is  an  open  (hence  quotient)  map,  and 
(iii)   if  X  is  T  ,  then   f  is  a  quotient  map. 

Proof: 

(i)   Assuming  that  each  of  U  ,...,U   is  open  in  X,  note  that 

f'1(<U1 Un>  n  yk(X))  =  {(xi xk)  e  Xk\{x1 xk}  e<U1,...,Un>} 

ki  n 

=  {(x  , .  .  .  ,xk)  ex  |  for  all  j  e  [l,.  .  .  ,k},  x.  e  U  U. , 

i=l 

and  for  all  i  e  {l,...,n},  there  exists  j  e  {l,2,...,k} 

such  that   x   e  U  } 
J     i 
n    .  k    n   k 

U  U.J  D  n   U  TT.  (u.),    so  f   is  continuous. 
i=l   W    i=l  j=l  J    x 

2 
(ii)   Now  to  see  that   f:X  -*  y  (X)   is  open,  suppose  that 

2 
U   X  U   is  a  basic  open  set  in  X  .   We  shall  show  that 

f(U1  x  Ug)  =  <U1,U2>  n  y2(X);  indeed,  if   (u^u^  e  U   x  U2 ,  then 

f(u  ,u  )  =  {u  ,u  ]  has  at  most  two  elements  and  meets  each  of  U  and 

U   and  is  contained  in  U   U  U   so  that   f(u  u  )  e  (u  ,U  >  Pi  3?  (X) . 

On  the  other  hand,  if   A  e  <U  ,U  )  fl  ^(X),  then  A  contains  either  one 

or  two  points.   But  if  A  has  exactly  one  point  a,  then   a  e  U   D  U 

X  £ 

and  hence  A  =  {a3  =  f(a,a)  e  f(U   X  U  ).    If  A  has  exactly  two  points, 

X  £ 

then  we  consider  two  cases.   Case  I  if  (U  \U  )  (1  A  =  0,  then  let 

a   e  u   fl  A  and  let  a  be  the  other  point  of  A;  then  A=f(a  ,a0)  ef(U  XU  ). 


Case  II  if  (U^l^)  fl  A  ^  0,  then  we  let  &2    e  (u  \U  )  l"l  A,    choose 

ai  6  Ul  ^  A*  3nd  n°te  th3t   A  =  f(ai'a2)  €  f(Ul  X  U2)'  lt   follows  that 
f  is  an  open  map. 

(iii)   Supposing  that   W  C  y  (x)  is  such  that   f~  (A)    is  open  in 

K. 

X  ,  we  wish  to  argue  that  A    is  open.   But  if   A  e A  ,    we  may  choose 

(x x  )  e  X   such  that   f  (x ,  x  )  =  A   and  then   (using  the  T„ 

Ik  Ik  2 

assumption   and   the  openness   of      f      </J))choose  open   sets     U    U      in  X 

J.  K 

such   that      (x x   )    e  U   y-  •  •  XU     c  f"   (A)    and      {u    U    }    is  pairwise 

J.  K  1  K  X  K 

disjoint.      But    then     A^fCx^^ xR)  e  f  (U1  x.  ■  .  W^  =  <U    U>D    ?k(X)C/l. 


Proposition  2.3 

If  a  T  -space  admits  a  uniform  n-mean,  then  it  admits  a  uniform 
k-mean  for  each  k  ^  n.   If  a  T  -space  admits  a  uniform  k-mean,  then  it 
admits  a  k-mean.   A  T  -space  admits  a  uniform  2-mean  if  and  only  if  it 
admits  a  2-mean. 


Proof: 

The  restriction  of  a  uniform  n-mean   r:JF  (X)  -•  X  to  J  (X)  is 

n  k 

a  uniform  k-mean.   Supposing   r:?  (X)  -•  X  is  a  uniform  k-mean  on  X, 

k 
define  m: X  —  X  by   m(x  x  )  =  r({x  , . . . , x  })   and  note  that  m  is 

X         it  X         It 

k  f  r 

symmetric  and  idempotent.   Since  m  is  the  composition  X  -•  3?  (X)  -*  X 

(f  as  in  Lemma  2.2),  it  is  continuous. 

2 
Now  suppose  a  T  -space  admits  a  2-mean   m:X  -*   X.   Then  the 

map  r:5v,(X)  -♦  X   such  that   r({x  ,x  })  =  m(x  ,x  )  is  well  defined  and 

satisfies   r(x)  =  r({x,xj)  =  m(x,x)  =  x  for  all   x  e  X.   Since 


2 

f:X  -*  I?  (X)   is  a  quotient  map  (Lemma  2.2  (ii))  and  r  °f  =  m   is 

continuous,  r  is  continuous.   We  conclude  that   r   is  a  uniform  2-mean 
on  X. 

For   n  >  2,  the  n-solenoid   £   (discussed  in  Section  3  below) 

n 

provides  an  example  of  a  continuum  which  admits  an  n-mean  but  does  not 
admit  a  uniform  n-mean  (Corollary  3.8). 

Notice  that  if  n  ^  2   and  if  an  n-mean  is  obtained  from  a 

uniform  n-mean   r:|?  (X)  -•  X  by  composition  m  =  r  of:X  -*  y  (X)  -•  X, 

n  n 

then  m  is  insensitive  to  repetition  in  the  sense  that 

m(xi,...,xn)  =  m(y1 y^)  whenever  ^ xn)  =  fy1,...,yn}. 

Furthermore,  if  either   n = 2  or  X  is  T  ,  then  any  n-mean  m:X  -•  X 
which  is  insensitive  to  repetition  in  the  above  sense  can  be  factored 
m  =  r  o  f   where  r:J?  (X)  -♦  X   is  a  uniform  n-mean.   Can  this  always 
be  done? 

Proposition  2. 4 

y_ 

If  X  is  a  T  -space,  then  2   admits  a  uniform  n-mean  for  each 

n  S  2. 


Proof: 

X     X 
If  n  2:  2,  then  the  map  r:J?  (2  )  —2       defined  by 

r({A  . . . . ,A  })  =  A  U...UA   is  continuous  (Michael  [16];  Theorem  5.7.2) 
l      n.  l      n 

Y 

and  satisfies   r({A})  =  A   for  each  A  e  2  . 

Proposition  2. 5 

If  the  compact  T   space  X  has  a  finite  number  of  components, 
then  2   is  acyclic. 


10 


Proof: 

If  X  ,X  X   denote  the  components  of  X  and  if  we  adjoin 

1         "    v   X       X 

{0}  to  each  of  the  spaces   2,2   2    as  an  isolated  point,  then 

x  X  X 

the  function   i|r:2  U  {0}  -  (2   U  {0})X...X(2  n  U  {0})  defined  by 

\|r(F)  =  (F  H  X  , .  .  .  ,F  D  X  )  is  a  homeomorphism.    Now  if  K  is  one  of  the 

(2  -1)  components  of  2   and  if   C  =  ijKK)  ,  then  since  C  is  a  component  of 

X  X 

(2   J  {0})X...X(2  n  U  {0}),  we  must  have   C  =  C   X  C   X  ...  X  C  where  for 

X.  1    ^  n    X. 

each  i,  C.  is  a  component  of   2  '  U{0} ,  i.e. ,  C.  is  either   {0}  or   2 

Define   U:  C  X  C  -  C  by  the  rule  p,(  (A ,  A  )  ,  (B„  , .  .  .  ,  B  )  )  = 

1      n     1      n 

(A,  U  B,  ,...,A  U  B  )  and  note  that,  for  each  i,  the  diagram  below  is 
11      n    n 

analytic;  so  u-  is  continuous  and 
idempotent.   Furthermore,  since  the 


C  X  C  •"   C 


element  (Y ,Y  )  e  C  defined  by 

1      n 


1   ) 

(  X.    if    C.  = 

v  l         l 


0     if    C.  :   [0] 
X. 


TT.  XTT. 

1   1 


Union 


TT. 

i 


2  1  C.  X  C   *■       C. 

li  l 


is  a  zero  for  ^i,  we  conclude  (by  Theorem  1. 10)  that  the  continuum  C 
is  acyclic  and  hence  K  is  acyclic.   Since  this  is  true  for  every 
component  K  of  2  ,  2   is  acyclic. 


Corollary  2.6 

If  the  compact  T   space  X  is  either  connected  or  locally  con- 
nected, then  2'  is  acyclic. 

We  make  the  observation  here  that  if  X  is  a  compact  T   space 

IX  XI 

such  that  H  (2  ;Z)  =  0,  then  every  map   f:2  -  S      is  null  homotopic 

(Huber  [13]);  therefore,  if  a  compact  T_  space  X  has  finitely  many 
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components,  then  2  satisfies  property  (b)  as  defined  by  Whyburn  [22], 
This  is  an  alternate  proof  (assuming  weaker  hypotheses)  of  a  result  of 
Nadler  [17]:   the  hyperspace  of  a  continuum  has  property  (b). 

Nadler  [17]  raises  the  question  "what  are  necessary  and  suffi- 
cient  conditions  that  a  continuum  X  be  a  retract  of  2  ?"  and  in  the 

case  that  X  is  a  locally  connected  metric  continuum,  observes  that  (by 

X  X 

[14],   2   is  an  absolute  retract)  X  is  a  retract  of  2   if  and  only  if 

X  is  an  absolute  retract.  Proposition  2.8  below  is  a  necessary  condi- 
tion for  a  compact  T   space  to  be  a  retract  of  its  hyperspace. 

Lemma  2 . 7 

If  X  is  a  retract  of  its  hyperspace,  then  every  component  of  X 
is  a  retract  of  its  hyperspace. 


Proof: 


X 
Suppose  C  is  a  component  of  X  and   r:2  -»X  is  a  retraction. 


C     X 
Now  the  relative  topology  on  the  subset   2   of  2   is  the  same  as  the 

hyperspace  topology  (see  definitions  and  note  that  (u, ,...,U  }  fl  2 

1      n 

=  (u   fl  C,...,U   H  c))  and,  since  C  is  connected,  so  is  2  .   Conse- 

Q 

quently,  r[2  ]   is  a  connected  subset  of  X  containing  the  component 

C  /   C 

C  so  that  r[2  ]  =  C.   Letting  r  :2  -•  C  be  defined  as  the  restric- 

Q 

tion  of  r,  we  conclude  that  C  is  a  retract  of  2  . 


Proposition  2. 8 

If  a  compact  T   space  X  is  a  retract  of  its  hyperspace,  then 
(1)   X  admits  a  uniform  n-mean  (hence  an  n-mean)  for  all  n^2, 

and     (2)   X  is  acyclic. 
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Proof: 

Q 

(1)   is  obvious.   If  C  is  any  component  of  X,  then  2   is  acyclic 

Q 

(by  2.6)  and  since  C  is  a  retract  of  2   (lemma),  C  is  also  acyclic.   But 
since  this  is  true  of  each  component,  X  is  acyclic. 

A  result  of  Eckmann,  Ganea  and  Hilton  ([10],  Satz  6  )  is  that 
any  compact  polyhedron  which  admits  an  n-mean  for  some  n^2   is  neces- 
sarily contractible.   With  this  and  Proposition  2.8  in  mind,  one  might 
be  tempted  to  conjecture  that  a  continuum  which  admits  an  n-mean  for 

all  n  >.  2  shoxild  be  acyclic.   However,  the  rational  solenoid  T, 

J  CO 

(see  Section  3)  shows  this  to  be  false;  hence,  in  particular,  there  is 
a  continuum  which  admits  all  n-means  but  is  not  a  retract  of  its  hyper- 
space.   See  .      i  2  in  the  1 ast  section. 

The  next  lemma  is  well  known  and  is  stated  here  for  reference; 
see  Borsuk  [6],  Theorem  13.1;  Dugundji  [8],  2.1,  page  357. 

Lemma  2.9 

If  X  is  a  compact  subset  of  R   (n  £  1)  and   G  ?'  0,  then  R  \X  is 

connected  if  and  only  if   II    (X;G)  =  0.   If   X  is  a  locally  connected 

2         2 
continuum  in  11  ,  then  R  \X  is  connected  if  and  only  if  X  is  an  absolute 

retract. 

Proposition  2.  10 

2 

If  X  is  a  locally  connected  continuum  contained  in  R  ,  then 

the  following  are  equivalent: 

(1)  X   admits  an  n-mean  for  some  n^2 

(2)  X   admits  an  n-mean  for  each  n  ^  2 
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X 

(3)  X   is  a  retract  of  2 

(4)  X   is  an  absolute  retract 

2 

(5)  R  \X   is  connected 

(6)  H  (X;Z  )  =  0    for  some  n^2. 

n 

Proof : 

It  is  clear  that   (6)  =»  (5)  =>  (4)  =>  (3)  =»  (2)  =>  (1) .   By  1.9, 
(1)  *(6). 

We  now  illuminate  the  role  of  connectedness. 

Proposition  2.11 

(1)  If  a  space  X  admits  an  n-mean,  then  so  does  each  component 
of  X. 

(2)  If  the  components  of  a  space  X  are  open,  then  X  admits  an 
n-mean  if  and  only  if  each  component  admits  an  n-mean. 

(3)  If   X   is  a  retract  of  2  ,  then  each  component  of  X  is 
a  retract  of  its  hyperspace. 

(4)  If  the  components  of  a  compact  T   space  X  are  open,  then 
X  is  a  retract  of  2   if  and  only  if  each  component  of  X  is  a  retract 
of  its  hyperspace. 


Proof: 


(1)   This  has  been  proved  in  [2],   If   m:X  -*X  is  an  n-mean 


and  C  is  a  component  of  X,  then  since  m(C  )  is  connected  and  contains 

C,  m(C  )  =  C.   The  restriction  of  m  to  C   is  an  n-mean  on  C. 

(2)   If  for  each  component   C  of  X,  m  :C  -*  C   is  an  n-mean,  then 

(imitating  Bacon  [4]),  if  x   is  a  fixed  element  of  X,  then  an  n-mean 

o 

m:X  —X      is  defined  by 
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..n 


m(p)  = 


-nipCp)   if  p  e  C   for  some  component  C  of  X 


x    if   p  fL   U  [C  |  C  is  a  component  of  X}  . 


(3)  Has  been  proven  (Lemma  2.7). 

(4)  If   C C   are  the  components  of  X  and  for  each  i, 


r.:2  "-C 


.  is  a  retraction,  then  for  a  fixed  element   x  of  X,  we  defi 
i  o 


ne 


~X  X 

r:2  -X   as  follows:   if  A  e  2  ,  then 


r(A)  =• 


fr.(A)     if   A  e  2    for  some   i  £  k 

i 


if   A  ft    U  2 
i=l 


Thus  r  is  well  defined  and  r(x)  =  x  for  each  x  e  X.   To  see  that 
r  is  continuous,  one  verifies  that  if  U  is  open  in  X,  then 


r_1(U)  = 


U  r.  (U) 
i=l   x 


'  k   -1   " 
U   r.  (U) 

i=l   X    - 


2X\U   2  X 
i=l 


if  'x  ft  V 

o 


if  x  e  U. 
o 


-1  Ci       Ci 

But  each   r.  (U)   is  open  in  2    and   2  1  =  (c. )   is  open  in   2 

-1  X 

(because   C.  is  open  in  X),  so  that   r.  (U)   is  open  in  2  .   Also, 

1  C.   x 

since  each   C.  is  compact,  each   2     is  compact  and  hence  closed 

X  X  k   Ci  X 

in  2'  ;    therefore,   2  \  U  2    is  open  in  2  .   Thus,  in  either  case, 


i=l 


-1  X 

r   (U)  is  open  in  2  . 


Corollary  2. 12 

If  X  is  a  locally  connected  compact  T  space,  then 

(1)   X  admits  an  n-mean  if  and  only  if  each  component  admits 

an  n-mean, 
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(2)   X  is  a  retract  of  2   if  and  only  if  each  component  is 
a  retract  of  its  hyperspace. 

When  can  the  conclusions  of  Corollary  2. 12  be  drawn  assuming 
that  X  is  a  non  locally  connected  compact  T   space?   Sometimes  they 


r  2 1  1 

can,    for   the   space     X  =    {(x,y)    eR|x=0      or      x  =   — 


for  some  posi- 


tive integer  n  and  0  ^  y  £   l)      is  a  retract  of  its  hyperspace 
(A  retraction  r:2  ->  X  is  defined  by   r(A)  =  (inf  (rr  (A)),  inf  tt  (A) .  ) 
while  the  same  is  true  of  each  of  its  components,  On  the  other  hand, 
sometimes  they  cannot,  because  the  space  X  of  the  next  proposition 
admits  no  2-mean  (hence  cannot  be  a  retract  of  its  hyperspace) ,  while 
each  of  its  components  is  an  absolute  retract. 

Proposition  2.13 

The  space  X  indicated  below  admits  no  2-mean. 


This  can  be  proven  by  imitating  Bacon's  proof  [3]  that  the 

sin  —  continuum  admits  no  2-mean. 
x 


SECTION  3   SOLENOIDS  AND  MEANS 


We  shall  show  in  this  section  that  Sigmon1 s  necessary  condition 

for  a  compact  space  X  to  admit  an  n-mean  (n^2),  H  (X*.  Z  )  =  0,  is  also 

n 

sufficient  provided  X  is  a  solenoid  and  that  a  solenoid  admits  an  n-mean 
if  and  only  if  it  admits  a  homomorphic  n-mean. 

Definitions   3. 1 

If  a  =  (a  ,a  , ...)   is  a  sequence  of  positive  integers,  then 

the  a-solenoid,    denoted     £   ,    is   the  inverse   limit  of   the   system 

a 

cp      cp      cp      cp 
1   ai    1   32    1   a3    1   a4 

s   _   s   _   s   _   s 

a . 
where,  for  each   i  ^  1,   cpa .   is  the  map   z  ♦-♦  z   .   If   a  is  such  a 

sequence,  then  £   is  the  space   [(z  ,z ,...){  for  all   i  S  1,  z.  e  S 

a. 
and  z.   =  z.}  with  the  relative  topology.   By  a  solenoid,  we  will 

understand  a  space  E  where  a  is  a  sequence  of  positive  integers. 

a 

The  solenoid   £   corresponding  to  to  =  (2,3,4,...)  is  called  the 
rational  solenoid  and  the  solenoid  £  corresponding  to  the  sequence 
(n,n,n,...)  is  called  the  n-adic  solenoid. 


Note  that  for  any  sequence  a,  the  solenoid   £   is  a  continuum 

a 

(any  inverse  limit  of  continua  is  a  continuum)  and  is  an  Abelian  top- 
ological group  under  coordinatewise  multiplication;  hence  is  a  divisible 
group  (because  if  G  is  a  compact  Abelian  topological  group,  then  G  is 
sible  if  and  only  if  G  is  connected.   See  Hewitt  and  Ross  [12], 

Theorem  24.25). 
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Proposition  3.2 


If  a  -    (a  ,a  , ...)   is  a  sequence  of  positive  integers,  then 

(E  ;Z)  =  fk/(a  a„...a  )  k  e  Z  and  n  ^  1}   (subgroup  of  Q  -   rationals), 
a  1  2    n  J 


H 


Proof: 

H  (E  ;Z)  is,  by  continuity  of  Alexander  Spanier  cohomology, 
a 

isomorphic  with  the  direct  limit  of  the  system 

kl    k2    k3 
Z_Z_Z_Z_...   where   k. (n)  =  a.n  for  all   i  ^  1  and  for  all 

n  e  Z. 


Corollary  3.3 

H1(Z  ;Z)  =  Q  and  H1(Z  ;Z)  =  fk/n*! k  e  Z  and  t  :>  0}. 

If   a  =  (2,3,5,7...)  is  the  sequence  of  primes,  then  H  (E  :Z)=fq  e  0 

a 

q  =  m/n   for  some  m,n  e  Z   such  that   n  >  0  and  n  is  square  free}. 

Proposition  3.4 

If   a  =  (a  ,a  , ...)   is  a  sequence  of  positive  integers  and  n  is 

a  positive  integer,  then  H  (E  ;Z  )  =  0   if  and  only  if  for  all  k  ^  1 

a   n 

there  exists   k  ^  k   such  that   a,  a,   .  .  .  a ~   is  a  multiple  of  n.   Conse- 

k  k+1    k 

quently,  if  p  divides  n,  then   H^E  ;  Z  )  =  0  =>  H1(E  ;Z  )  =  0. 

an  a   p 

Proof: 

H  (E  ;Z  )  =  0   if  and  only  if  the  identity  in  each  copy  of  Z   in 

the  direct  system  below  gets  taken  to  zero  by  the  composition  of  a  finite 

number  of  the  k.'s,  where  k.  is  multiplication  bv  a  : 
l  l  J      i 

kl     k2      k3 
Z   -»   Z   _   Z   _   Z_...   .   The  rest  is  clear, 
n      n      n      n 
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Proposition  3.5 

If   X   is  a  solenoid  and  n  a  positive  integer,  then  the  follow- 
ing are  equivalent: 

(1)  X   admits  an  n-mean, 

(2)  H1(X;Z  )  =  0, 

n 

(3)  H  (X;Z  )  =  0   for  each  prime  divisor  p  of  n , 

P 

(4)  X   is  uniquely  n-divisible  (i.e.  ,  X  admits  the  homomorphic 
n-mean) . 

Proof : 

Previous  results  show  that   (4)  -  (1)  -  (2)  -•  (3).   Write 

n=  P-P„-.-P   where  each  p.  is  prime  and  X  =  E   where   a=  (a, ,an,...) 
1  2    r  l  a  1  2. 

We  assume  (3)  and  note  that  to  prove  (4)  it  is  sufficient  to  show  that 

x  =  1  for  no  x  e  E\fll.   So  suppose  x  =  (x  ,x  ,...)  e  E   such  that 

a*  J  11         a 

1  =  x  =  (x. ,x„,. . .)•   If   k  ^   1,  then  since  H1(E  ;ZDhi)  =  0   and  p„  is 
12  a   Hl  1 


But 


prime,  there  exists   k  ^  k   such  that   a^    is  a  multiple  of  p  . 

then  since  H  (E  ;Zp  )  =  0   and  p   is  prime,  there  exists   k   s  k   such 

that   ak„  is  a  multiple  of  p  .   Continuing  in  this  manner  we  obtain 

k  £  k  S  k  £  ...  £  k   such  that,  for  each  i ,  ai,   is  a  multiple  of  p.. 
12  r  Ki  a 

a      a  a       a  a    a  a  .  .  .  ai, 

_   ..  k      k  k+1     k  k+1  k+2  k    kr 

But  then   xk  =  xk+i  =  x^    =    ^  =  .  . .  =  ^        =1 

r 

(because  a,  .  .  .  av   is  a  multiple  of  n).   We  have  shown  that   x,  =  1  for 
k    Kr  k 

every   k  ^  1,  hence  x  =  1. 


Corollary  3.6 

A  solenoid  admits  an  mn-mean  if  and  only  if  it  admits  both  an 
n-mean  and  an  m-mean. 
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Corollary  3.7 

If   n   is  a  positive  integer  and   a  =  (a, ,a0 ,...),  then  E 

1   <s  a 

admits  an  n-mean  if  and  only  if  each  prime  divisor  of  n  divides  each 
term  of  some  subsequence  of  a. 

Proof: 

Use   (1)  -»  (3)  in  Proposition  3.5  and  Proposition  3.4. 

Corollary  3.8 

If   n  >  2,  then   E  does  not  admit  an   (n-l)-mean;  hence   E 

n  n 

admits  an  n-mean  but  not  a  uniform  n-mean. 

Proof: 

Let   p  be  a  prime  divisor  of   n-1.   Then  by  Corollary  3.7, 
p  divides  n;  hence  p  is  a  prime  factor  of  n  -  (n-1)  =  1,  a  contradiction. 

Proposition  3. 9 

If   a  =  (a  ,a  , ...)   is  a  sequence  of  positive  integers,  then 
E  admits  an  n-mean  if  and  only  if   H  (E  ;Z)   is  uniquely  n-di visible. 


Proof: 

Suppose  H  (E  ;Z)   is  n-divisible  and  let  p  be  a  prime  divisor 

of  n.   For  any  k  ^  1,  l/(pa  ...a,)  =  m/(a  ...ar)   for  some   k  ^  1   and 

Ik        Ik 

m  e  Z   (because  the  cohomology  group  is,  in  fact,  p  divisible).   But  then 

m  =  a  . . . a^/pa  ...  a    is  an  integer  so  that   k  >  k   and  m  =  a    ... a^/p ; 
1    k    1    k  k+1    k  v' 

whence  p  divides  a.  for  some   i  >  k.   By  Corollary  3.7,  E  admits  an 

1  a 

n-mean. 
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For  necessity,  we  refer  to  Proposition  4.13  below:   if  the 
compact  T  space  X  admits  an  n-mean,  then  H  (X;Z)  is  uniquely  n-divisible. 

If  uu  =  (1.2,3,4...)  ,  then  E  admits  all  n-means 

(H  (E  ;Z)  =  Q)   and  if   a  =  (2,3,5,7,...)   is  the  sequence  of  primes, 

then  E  admits  an  n-mean  for  no   n  ^  2. 
a 


SECTION  4   LOCAL  PROPERTIES  AND  GENERALIZATIONS 

Definition  4.  1 

A  subgroup  G  of  H  is  n-divisible  in  H  provided  each  g  e  G  can 
be  expressed   g  =  nh   for  some  h  e  H  (i.e. ,  G  C  nH) .   G  is  uniquely 
n-divisible  in  H  provided  for  each   g  e  G  there  is  exactly  one  h  e  H 
such  that   g  =  nh.   If  G  and  H  are  any  groups,  a  homomorphism 

f:G  -H   is  said  to  be  symmetric  provided   f (g  ,g   . . . >g  )  is  invariant 

J.   ^      n 

under  permutations  of   g  ,...,g  . 

Proposition  4. 2 

If  G  and  H  are  groups  and   M:Gn-H  is  a  symmetric  homomorphism, 
then  the  map   jx:G-H   defined  by   ji(x)  =  M(x,0 ,0,  .  .  .  ,  0)  is  a  homomor- 
phism such  that 

(1)  H(G)  is  Abelian, 

(2)  the  diagram  below  is  analytic  where  A  is  the  diagonal  map 
and  "n"  denotes  the  map   g  n  ng, 


M 


H 


-*-  G 


and 


(3)   M  A  (G)  is  n-divisible  in  u,(G)  (hence  in  H). 
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Proof: 

(i  is  a  homomorphism  because   |i(x+y)  =  M(xy,0,...  ,0)  = 

M(x,0,0,  .  .  .  ,0)  i-  M(y,0 0)  ^  p,(x)  +  p,(y) .   |i(G)  is  Abelian,  for  if 

x,y  e  G,  then   yj,(x)  +  ^i(y)  =  M(x,0 0)  +  M(y,0,.  .  .  ,0)  ^  M(x,0,0,  .  .  . 

+  M(0,y  ,0,0,0)  =  M(x,y,0,.  .  .  ,0)  =  M(y ,  x  ,0 ,  .  .  .  ,0)  =  ...  =  n(y)  +  (i(x). 

Now  if   x  e  G,  then  M  A  (x)  =  M(x,x,x x)  =  M(nx,0 0) 

=  |i,(nx)  =  n[i(x)  ,  so  the  diagram  is  analytic  and 
M  A  (x)  =  nji(x)  e  n|i(G)  C  nH. 

In  case  G  =  H  and  M   is  a  homomorphic  n-mean,  we  have 
Theorem  1.6. 


,0) 


Propi '  i  i  ion  4.3 


If   m:X   *X   is  an  n-mean  on  a  space  X  (n<2)    and  if 
0  ^  Q  c  p  C  X   such  that  m[Q  ]  c  p,  then  there  exist  homomorphisms 
M:TT(Q)n  -  TT(P)   and  \x:  TT(Q)  -•  TT(P)  such  that 

(1)  M  is  symmetric, 

(2)  u[TT(Q)]  is  Abelian, 

(3)  the  diagram  below  is  analytic,  where  A  is  the  diagonal 
map  and  i    is  induced  by  inclusion   i:Q  C  p, 

M 


1T(Q) 


■TT(Q) 


and      (I)   i   TT(Q)   is  an  n-divisible  in   p,lT(Q)   (hence  in  TT(i') ) 
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Proof: 

It  is  tacitly  assumed  that  all  homotopy  groups  are  relative  to 
a  fixed  point  in  Q.   Define  M  as  follows:   if  [w  ],..., [w  ]   are 
homotopy  classes  of  the  loops  w  , .  .  .  ,w  in  Q,  then  M([w  ],..., [w  ] ) 

is  the  homotopy  class  of  the  loop   t  f-   m(w  (t) w  (t))  in  P.   Then 

M  is  well  defined,  symmetric,  and  satisfies   Mo  A  =  i  .   Now,  define 
(j,  by  the  formula   (i(x)  =  M(x,0,0,...  ,0)  and  apply  Proposition  4.2. 


Corollary  4.4 

CO 

If     X  =      U     C       where     C     =    {p    e  R2|ll  p    -    (p0)||   =   |} , 

L—  J. 

then  the  cone   C(X)  over  X  admits  an  n-mean  for  no   n^2. 


Proof: 


Identify  X  with   {(x,0)Jx  e  X}  C  C(X)   in  the  natural  way  (where 


(x,t)  denotes  the  equivalence  class  of  (x,t)  in  C(X)),   let   x  =  (0,0), 

and  let  v  denote  the  vertex  of  C(X). 

Suppose  n  ^  2   and  m:C(X)   -*  C(X)  is  an  n-mean.  v 

If   P  =  C(X)\[v} ,  then  by  continuity  of  m, 

there  exists  an  open  set  U  containing  x   such 

o 

CO 

that  m[U  ]  C  P.   Letting  Q  =   U   C  ,  we 

k        t=k      * 
note   that        fl     Q     =    [x   }   <=  u 
k=l     k  ° 

so   that    there   is    a     k   ^   1      such   that      Q     a  U. 

vk 

Now  m[Q,  ]  c  p,  so  by  Proposition  4.3,  if   i:Q  c  p,  i   Tf(Q  )   is 
k  *    k 

an  Abelian  group  (for  it  is  a  subgroup  of   M<[TT(Q,  )]  where   (j,  is  the 

homomorphism  of  Proposition  4.3)  and,  hence,  since   i   is  a  monomorphism, 

TT(Q  )  is  Abelian — a  contradiction, 
k 
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Notice  that  Eckmann' s  results  (Theorems  1.6  and  1.7  of  Section  1) 
are  special  cases  of  Proposition  4.2  (let   G  =  II)  and  of  Proposition  4.3 
(let   P  =  Q  =  X) ;  indeed  the  proofs  given  here  are  inspired  by  his 
arguments. 

It  is  clear  that  minor  modifications  of  the  argument  for 
Corollary  4.4  can  be  used  to  prove  that  no  n-mean  can  be  defined  on 
the  cone   C(X)  where  X  is  a  space  such  as  indicated  by  any  of  these: 


So  we  have  numerous  contractible  spaces  which  admit  no  n-means. 
However,   the  technique  used  here  does  not  apply  to  the  higher  dimen- 
sional cases  such  as   C(X)   where  X  =   U  C   and   C   is  the  sphere 

t^l  Z  Z 


Ct  =  {p  e  Rn|  ||  p  -  (i 0,0,0,...  ,0)  ||  =  i], 


In  order  to  deal  with  this  situation,  we  will  now  set  out  to 
establish  a  cohomological  version  of  Proposition  4.2.   For  convenience, 
we  first  state  some  well-known  facts  which  will  be  used  in  the  sequel. 
It  will  be  assumed  that  the  coefficient  ring  R  is  a  principal  ideal 
domain  (with  unit  1).   See  Spanier  [20]. 


Lemma 


If   X  and  Y   are  compact  T  spaces,  then  there  is  a  natural 


exact  sequence  ("Kunneth  formula") 

0-   E   H1(X)  0^(7)  -  HP(X  x  Y)  -    E 

i+J=P  i+j=p+l 


H1(X)  *  HJ(Y)  -  0. 
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If   Q  is  any  space,  there  exists  a  homomorphism  ("cup  product") 

U  :   £   H1(Q)  (gJir'CQ)  -*  HP(Q)   which  satisfies  the  following: 
i+J  =  P 

If   1  denotes  the  cohomology  class  (in  H  (Q))  of  the  constant  cochain 

cp  :  Q  -   R   such  that  9(x)  =  1    for  all   x  e  Q,  then   lUh  =  h  =  h.Ui 

R 

for  each  h  e  H  (Q).   A  homomorphism,  called  the  "cross  product," 

X:   2   H^Q)  @  HJ  (Q)  -*   HP(Q  X  Q)   is  defined  by  the  formula 

i+J=P 

i    i    *  i    *   i 
k   x  k  =  rr  k   U  IT  k   where  TT  ,TT  :  Q  XQ  -*  Q   are  the  projections. 

*   i    i      i   j 
Finally,  if   A:  Q  -*  QXQ   is  the  diagonal  map,  then   A  (h  xh  )  =  h  Uh 

and  if  Q  is  compact  T  ,  then  the  cross  product  x  is  the  map  |i  in  the 

Kunneth  formula. 


Proposition  4. 5 

If   X   is  any  space  and  G  is  a  torsion-free  module  over  a 
ring  R,  then  H  (X;G)  is  torsion  free.   In  particular,   H  (X;Z)  is 
torsion  free  for  any  space  X. 


Proof: 

Our  assumption  on  G  is  that  if   r  e  R\{0}   and   g  e  G  such 
that   rg  =  0 ,  then  g  =  0.   We  establish  notation  with  these  definitions: 
A  simplicial  complex  K  is  a  collection  of  nonempty  subsets  of  some 
fixed  set   V(K)  (vertices  of  K)  such  that   (1)  if  v  e  V(K) ,  then  {v}  eK, 
and  (2)  if  s  is  a  nonempty  subset  of  some  element  of  K,  then   s  e  K. 
If  K  is  a  simplicial  complex  and  p  ^  0,  then  let 
Kp  =  [(Vo"--'Vp)^Vo'---'Vp5  eK}  and 
CP(K;G)  =  {9 1  9  :  K  -  G   is  a  function};  defining   6  ;  CP(K;G)  -  CP+1(K ;G) 
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P+l 

by  6(cp)  (v  . .  .  .  ,v   )  =  E   (-1)  cp(v  v.  ,...  ,v   ,),  we  have 

o      P+l     .__  o      i      p+l 

6  6=0,  and  then  define  HP(K;G)  =  Ker  6/lm  6.   Furthermore, 


if  cp  e  Ker  6,  [9]  will  denote  the  class  of  cp  in  HP(K;G).   We  will 

use  the  obvious  correspondence  to  identify  K   with  V(K). 

o 

Define  an  equivalence  relation  —  on  V(K)  as  follows: 

If  v,v   e  V(K)  ,  then  v  ~v'   if  and  only  if  there  exists  a  finite 

sequence   v  ,v v   e  V(K)   such  that   v  =  v,  v  =  v'   and 

o   1      n  on 

Cvi'vi+13  e  K   for  each   *  e  {0,1, . . . ,n-l}.   Equivalence  classes   will 
be  called  "components  of  K." 

We  now  begin  the  proof  by  noting  that   HP(X;G)  is  the  direct 
limit  of  a  system  of  groups   HP(K;G)  where  each   K  is  a  simplicial 
complex  (see  Spanier  [20],  p.  359),  and  since  the  direct  limit  of  torsion- 
free  modules  is  torsion  free,  we  need  only  prove  that  if  K  is  a  sim- 
plicial complex  and  G  is  a  torsion-free  R-module,  then  H  (K;G)  is 
torsion  free. 

So  suppose   [cp]  e  H  (K;G)  and   r  e  R\{0}   such  that   r[cp]  =  0. 

Then  there  is  a  function  ty  :   V(K)  -  G   such  that   r  cp  =  6  ty   ;  i.e.  ,  if 

{v,v  }  e  K,  then  rcp(v.v')  -    \/(v')  -  i|r(v).   We  wish  to  define  a  function 

§  :  V(K)  -  G   such  that  if   (v,v']  e  K,  then  cp(v.v')  =  §(v')  -  §  (v) . 

This  will  be  done  by  defining  §  on  each  component  of  K.   Let   C  be  a 

component  of  K  and  choose  v   e  C.   Set   § (v  )  =  ti(v  )  and   define 

o  00 

§  :  C  -»  G   as  follows:   if   v  e  C,  then  choose  a  finite  sequence 

v  ,v  , . . . ,v   such  that  v  =  v   and   fv  ,v   }  e  K  for  i  <  n, 
o   1      n  n  L  1'  i+lJ 

and  define  §  (v)  =  0(v  )  +  cp(v  ,v  )  +  .  .  .  +  cp(v    ,v  ). 

o       o   1  n-1  n 
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We  claim  that  (A)  §  is  well  defined,  and  (B)  if  {v,v  }  e  K,  then 
cp(v,v')  =  §(v')  -  §(v). 

To  prove  (A)   suppose   v  ,w  ,w   . .  .  ,w  =  v   is  another  finite 

O   1  £  K 

sequence.   To  prove   ty(v  )  +  cp(v  ,w  )  +  cp(w,  ,w  )  +  ...  +  cp(w    ,w  )  = 

T      o  o      1  1      2  k-1     k 

\I/(v   )    +  cp(v    ,v    )    +    ...    +  cp(v         ,v   )  ,    it    is   sufficient   to   show   that 
Yo  o      1  n-1      n 

r[cp(vQ,wi)    +  cp(w1-w2)    +    ...    +  ^^k_1<wk>^    =   r[cp(vQ,vi)  +cp(V;L,v2)    +    ... 

+  cp(v      ,  ,v    )],    but   the   left    side   is    (ii(w    )    -   \Jr (v    ))    +    ( \lf (w_ )    -   f(wj)    + 
n-1      n  1  o  2  T      1 

...    +    (f(w,  )    -   iKw,     „))    =    i|i(w,  )    -   \Kv    )    -    \li(v)    -   4(v    ),    while   the  right 
k  k-1  k  o  o 

side   is    (^(v.)    -   i]Kv    ))    +    (\|r(v 0)    -   ^(v.))    +    ...    +    (\[j(v   )    -    i|j(v        )) 
1  o  T      2  Tl  n  n-1 

=    \|/ (v    )    -   \|f(v   )    =    \[f (v)    -   \|/(v    ).      To  prove    (B)  ,    suppose      [v,v    }    e  K   and 

choose  two  sequences   v  ,v  .....v  =  v   and   v  ,v  ,v_,...,v   =  v 

o   1      n  o   1   2      k 


and 


(with  fvQ,v1}  e  k,  fvlfv2]  e  K,  fvQ,v^}  e  K,  O^v^}  e  K,  etc.) 
note  that  r(§(v)  -  §(v'))  =  r(cp(v'  v'   )  +  cp(v'   v'   )  +  ... 

K   K  —  x         K  ~  X   K"-^ 

+  cp(v'v  )  +  9(v  ,v  )  +  cp(v  v  )  +  ...  +  cp(v    V  ))  = 
x   o       ox       x   <£  n.—  x   n 

(*(v'  J    -   *<v'))  +  (1/(v'      )  -  f(v'   ))  +  ...  +  (t(v   )  -  *(v  _)) 
K-1       k         k-2       k-1  n-1       n-2 

+  (*(vn)  -  *(vn_1))  =  V(vn)  -  t<\)  =  i|f(v)  -  lKv')  =  r(cp(v',v)). 
We  conclude  that  cp(v  ,  v)  =  §  (v)  -  §(v'). 

Having  defined  §  on  each  component,  we  have  a  function 
§  :  V(K)  -  G  such  that   {v,v'}  e  K  =»  §  (v)  -  g(v')  =  cp(v',v)  ,  i.e.  , 
9  =  s  §  ;  therefore,  [cp]  =  0. 

Proposition  4.6 

Suppose  Q  is  a  continuum,  P  any  space,  m  :  Q  xQ~*P  continuous 
and  suppose  further  that   p  ^  1  such  that 

either   (1)   H  (Q)  is  torsion  free  whenever  OSi  <  p 
or   (2)   H1(Q)  =  0   whenever   0  <  i  <  p. 
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Then  there  exist  homomorphisms   m  ,m  :  H  (P)  -*  H  (Q)  such  that 

J.     ^ 

if   h  e  H  (P)  ,  then  m  (h)  e  H  (QxQ)   has  a  unique  representation  in 

the  form     m    (h)    =   m    (h)  X 1  +    1  xm    (h)  +  |j,(6)      where 

6    e        £        H    (Q)   ©IT(Q).       {\J,  is   the  monomorphism   in   the  Kiinneth   formula] 
i+J=P 
i,j>0 

Furthermore,   m   is  induced  by  m  :  0  -  P   such  that  m  (x)  =m(x,q) 

(q  e  Q  arbitrary)   and  m   is  induced  by   m  : Q  -•  P  such  that 

m  (x)  =  m(q,x)  (q  e  Q  arbitrary). 

Proof: 

Since  Q  is  connected,  H°(Q)  =  R   so  H°(Q)  ©HP(Q)  =  HP(Q) 
where  the  isomorphism  is   1  (g)  k  >-  k.   Thus  every  element  of  H°(Q)  ©HP(Q) 
has  a  unique  representation  in  the  form  l©k  where  k  e  HP(Q). 

Let   q  e  Q  be  fixed  and  define  a   ,a0   :  Q  -•  Q  x  Q  by 

Of  (x)  =  (x,q)   and   c*2(x)  =  (q,x).   We  claim  that  if   k  e  HP(Q) , 

*  * 

then  (v  (lXk)=k=  a   (kXl).   To  see  this,  suppose  k   is  the  cohomology 

P+l 
a 
1 

class   of     cp  :  QP+     -•  R.      Then     cp   is   the   composition     QP+1     -  (Q  xQ)P+1 

QP+1     -     R     so  that     k  =    [cp]  =    [cp  ott^+1  oc^+1]   =  a*[cp  oTT^+1] 

=  a*(ii*[cp])  =  a*(T^[cp)  U    1)  =  cv*(TT*[cp]  U   tt*(1))  =  a*([cp]  xi) 

=  or  (kxi).   Similarly,  k  =  a   (lxk).   Now  the  hypothesis  (1)  or  (2) 

together  with  Proposition  4.5  assures  that     £    H1 (Q)  *  HJ(Q)  =  0, 

i+j=p+l 

so  the  maps  \±   and  \i       are  isomorphisms  in  the  analytic  diagram  below. 


29 


m* 


H 


HP(P)    -     HP(9    x  Q)*—  H°(Q)©HP(Q)©HP(Q)©H    (Q)@      E        H    (Q)  ©HJ  (Q) 

i+J  =  P 
i>0 


HP({q}xQ)  ii-H°({q}©HP(Q)©HP({q})©H0(Q)Q       2        H1  ({q})  ©H0  (Q) 

i+J=P 
i>0 


HP(Q) 


Here  the  vertical  maps  are  induced  by   {q}  -*  Q   and  Q  -♦  Q. 

Now  suppose  h  e  H  (P).   Then  there  are  unique  elements 
h  ,h   e  HP(Q)   and   9  e   2   HX(Q)  ®  IT1  (Q)   such  that 

J-     "  . 


m  (h 


i+j=p 
i>0 

)  =  u.(l  ®  h  +  h  ®  1  +  0)  ,  i.e.,  such  that  m  (h)  =  1  x  h  +  h   x  1 
<£    l  ^   l 

+  |i(6).   From  the  diagram  we  see  that  a     m  h  =  a0    (1  X  h  )  =  h  . 

But   m  o  <y     •  Q  -»  P   is  the  map  m   in  the  statement  of  the  theorem,  so 

*  * 

m  (h)  =  h  .   A  similar  argument  shows  that   m  (h)  =  h  . 

A  A  11 

We  conclude  that   m  (h)  =  1  x  m  (h)  +  m  (h)  x  1  +  (J.(6)  and  this 

A*  1 

representation  is  unique. 

Proposition  4.7  below  can  be  proved  by  imitating  the  proof  of 
Proposition  4.6  and  employing  the  appropriate  generalization  of  the 
lemma  to  products  of  several  compact  T   spaces. 


Proposition  4.7 


If  Q  is  a  continuum,  P  any  space,  n  a  positive  integer  and 

m  :  Q  -*  P  is  continuous  and  if  p  i  1  is  such  that 

either   (1)   H  (Q)   is  torsion  free  whenever   i  <  p 

or   (2)   H1(Q)  =  0    whenever   0  <  i  <  p, 

then  there  exist  homomorphisms  m  ,m  ,...,m  :H  (P)  -»  H  (Q)  such  that: 

x  £  n 
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if   hen  (P) ,  then  m  (h)  e  HP(Ox0)  has  a  unique  representation  in  the 

form  m  (h)  =  m  (h)  xl  X  .  .  .  Xl  +  1  X  m  (h)  x  1  X  .  .  .  X  1  +  ...  + 

* 
lXlX...  XlXm  (h)  +  ll(9)  where 
n 

i        i  i 

6  e  H  V)  QH   (o)  0  ...  QH  n(0). 

i1+i2+...+in=p 

W1'S l»^ 

(|i  is  the  monomorphism  in  the  n-fold  Kunneth  formula.)   Furthermore, 

* 
for  each  i,  m.  is  induced  by   in  :  O  -••  P   such  that 
l  l 

m. (x)  =  m(q , . . . ,q,x,q , . . . q)   where  "  x"  is  the  i    coordinate  and  • 
q  e  Q  is  arbitrary. 

Proposition  ■!.  8 

Suppose  m  :  X  -*  X   is  an  n-mean ,  0  a   Q  C  p  c  X   such  that 
Q  is  a  continuum,  in(Q  )  c  P   and   i;QCP,   If   p  Si  1   is  such  that 
ir'(O)  =  0   for  0  <  j  <  p,  then   i  HP(P)   is  n-divisible  in  HP(Q). 


Proof: 

Let      q    e  Q      and   define      m    ,m      .  .  .  ,  m     :  Q  -•  P     by 

L      2  n 

m    (x)    =    m(x,q  ,q,  .  .  .  ,q)  ,       m    (x)    =    m(q  ,  x,  q  ,  .  .  .  ,  q)  ,  .  .  .  ,rn    (x)  =  m(q,  q, .  .  .  ,q,  x)  . 
12  n 

If      hen    (0)  ,    then  by   Proposition  4.6   and    the   assumption    that      h"  (Q)    =   0 

for      0   <  j    <  p,    we  have 

m    (h)    =    ni    (h)   X  1  X  .  •  .    X  1   +    1  Xni    (h)    XI  X  .  .  .    X  1   +    .  .  .+    1  X  .  .  .    X  1  X  in    (h)  . 
12  n 

But    then 

L    (h)  =  A*m*(h)  =  m   (h)  UlU...Ul  +  1  Um*(h)U  lU.  .  .U  1  +.  .  .+    lU.  .  .UlUm   (h) 

=   m    fh)    +   m    Hi)    1-...1-   in'(h)    =    n- m  '(h)    e   n-IlP(Q). 
12  n  1 


"ce,      i  HP(P)      is   n-divisible   in  HP(Q) 
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Proposition  4. 9 

Suppose  Y  is  a  T   space  and   x   e  X  C  P  c  Y  where  P  is  open, 
dt  o 

X  has  codimension   cd  X  S  p   and  the  inclusion  j  :  X  c:  p   induces  an 

*    P        P  n 

epimorphism  j   :  H  (P)  -•  H  (X).   Suppose  further  that  ^  is  a  tower  of 

continua  in  X  such  that 

(1)  DQ  =   [x  }  , 


and 


(2)   if   Q  e^,  then  there  exists  Q      eQ      such  that   Q  C  Q 


H  (Q  )  =  0  whenever   0  <  i  <   p. 


If  Y   admits  an  n-mean,  then  given  any   Q  e  ^ ,  there  exists   Q   e  Q 


such  that  H  (Q  )   is  n-divisible. 


Proof: 


Assume  the  hypotheses,  let   m  :  Y  -*  Y   be  an  n-mean  and 


suppose  Q  6  0.   Now  there  exists  an  open  set  U  in  Y  containing  x 
^  o 

such  that   m(U  )  CP   and  by  (1)  and  (2),  there  exists   Q   e  (^  such 

a 
that   Q^uHQ   and  H  (Q  )  =  0   for   0  <  X  <  p;   hence,  m(Q  )  C  P. 

Letting    i:  Q  c  P   and   k  :  Q  c  X,  we  see  that 

*  '   *      *   p       p 
i   =  k  -j   :  H  (P)  -♦  H  (O.)  is  an  epimorphism.   But  according  to  (2) 

and  Proposition  4.8,  i  HP(P)  is  n-divisible  in  HP(Q  ),  so  we  conclude 

that   H  (Q  )   is  n-divisible. 

Corollary  4. 10 

Let   p  s  2   and  for  each  integer   t  2:  1,  let 


Ct  =  {x  e  RP|  ||  x  -  (I  0,0 0)  ||  =  I}.   If   X  =   U   C  ,  then   for 

any   n^2,  the  cone   C(X)  over  X  does  not  admit  an  n-mean. 
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Proof: 

Let  Y  =  C(X),  let  v  denote  the  vertex  of  Y,  identify  X  with 

{(x70)|x  e  X}  c  Y  and  let   x  =  (0,0,0 0)  e  X  C  y.   Let  P  be 

the  open  set  Y\£v]   (which  contains  x  )  and  for  each  integer   t  ^1, 


o 

'  nua 


let  Q^  =  U  C  .   Then,  since  Q   =  [q   t  ^ ll   is  a  tower  of  conti 

'*o       fat  *  *o  ° 

o 

satisfying  the  hypotheses  of  Proposition  4.9,  and  since  H  (Q   )  is 

to 

n-divisible  for  no  n^2,  Y  =  C(X)  cannot  admit  an  n-mean  for  n^2. 


The  next  proposition  and  its  corollary,  due  to  Sigmon,  are 
proven  elegantly  and  directly  in  [19].   The  proof  of  Proposition  4.11 
offered  here  will  be  based  on  Proposition  4.7. 

Proposition  4. 11 

Let   X   be  a  continuum  and  R  a  principal  ideal  domain  such  that 

p 
H  (X;R)  is  torsion  free  as  an  R-module,  for  each   p  ^ 1.   If   X   admits 

an  n-mean,  then  II  (X;R)  is  uniquely  n-divisible  for  each  p^l, 


Proof: 


We  shall  induct  on  p.   If  p =  1  and  h  e  H  (X;R)  =  H  (X),  then 


by  Proposition  4.7  (with   X  =  Q=P  and  m:  X  —   X)  we  have 

SlC         3jC  3fc  jit  3f(  5JC  "1 

h  =    A  m    (h)    =   m,  (h)    +   m(h)  +  .  .  .  +  m    (h)  =  n- m    (h)  e  n- H    (X) . 
12  n  1 

Therefore    (since  H    (X)    is   torsion   free),    there   is   a  unique  h'  £H    (X) 

such   that      h  =   nh    .      Now  suppose     p>l   and     H    (X)    is   uniquely 

n-divisible   for     j<p.       If     h£HP(X),    then  letting     if   denote 

£  H      (X)   ©  H      (X)   ®  . . .    ©  H      (X) ,    we  have    (4.7   again) 

i1+...+in=p 

osi]L,i2,...in<p 
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h  =  A  m  (h)  =  m,  (h)  +  ...  +  m  (h)  +  A  |j,(6)  where   9eT.   Now, 
1  n 

since  each   H  (X)  is  uniquely  n-divisible  (j--l,  2, .  .  .  ,p-l)  ,  so  is  Zr; 
hence,  there  exists   9  eTT      such  that   9  =  n9  .   But  then 

h  =  n  •  m  (h)  +  A  uX9)  =  n[m  (h)  +  A  \i(d' )  ]  enH  (X)  ,  and  we  conclude 
that   H  (X)  is  uniquely  n-divisible. 


Corollary  4. 12 

If  a  compact  T0  space  X  admits  an  n-mean,  then  H  (X;Z  )  =  0 
2,  n 

for  each   ps  1. 


Proof: 

We  begin  with  three  observations:   first,  it  is  sufficient  to 

show  that   H  (C:Z  )  -  0   for  each  component  C  of  X  and  hence  (since 
n 

each  component  of  a  space  admitting  an  n-mean  must  also  admit  an  n-mean) , 
it  is  sufficient  to  show  the  corollary  is  true  if  X  is  assumed  connected. 
Second,  if  a  space  Y  admits  an  n-mean  and  if  p  is  any  factor  of  n,  then 
Y  admits  a  p-mean.   (See  Problem  1  in  the  last  section).   Third,  if 
0  -•  G  -*  G  "~*  G  -*  0  is  an  exact  sequence  of  groups,  then  there  is  an 
exact  sequence 

...  -  HP-1(X;G")  -HP(X;g')  -HP(X;G)  -HP(X;g")  -HP+1(X;g')  -♦.... 

We  suppose  X  is  a  continuum  which  admits  an  n-mean  and  write 
n  =  p  ...p^   where  each  p.  is  prime.   The  proof  will  be  by  induction 
on  r.   If   r=  1,  then   n-p   is  prime  so  that  Z   is  a  field;  conse- 
quently, II  (X:Z  )  is  a  vector  space  over  Z   and  hence  is  torsion  free 
n  n 

as  a  Z  -module.  Since  each  element  of  II  (X:Z  )  has  additive  order  n, 
n  n 

and  since  (by  4.11),  it  is  n-divisible,  we  conclude  that  H  (X;Z  )  =  0. 
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Now  for   the   induction  step,       suppose      r>l   is    such    that:     If   q  q    ...q 

J.  •—      X. 

is  a  product  of  primes  where   t<r   and  X  is  a  continuum  admitting 

a   q,q0'  •  .q  -mean,  then  H  (X;Z       )  =  0.   Then  if  a  continuum  X 
12     t  Vqt 

admits  an  n  =  p,p_...p  -mean,  then  the  exact  sequence 
1  <s    r 

0  ->  Z  -Z-Z    -0 

Pl'--Pr-1    n    Pr 

induces  an  exact  sequence 

...  -  HP(X;Z  )  -  HP(X;Z  )  -  HP(X;Z   )  -  HP+1(X;Z  )  -  . 

Pl---Pr-1  n  Pr  Pl--'Pr-l 

But  by  the  induction  supposition,   HP(X;Z         )  =  0  =  HP(X;Z   ) 

■Y--Pr-1  Pr 

so  that  H  (X;Z  )  =  0.   This  completes  the  proof, 
n 

Proposition  4.  13 

If  the  compact  T   space  X  admits  an  n-mean,  then  H  (X;Z)  is 
uniquely  n-divisible  for  each   p  ^ 1. 


Proof : 

If  p^l,  then  H  (X;Z  )  =  0,  so  we  conclude  from  the  exact 

n 

sequence  below  (universal  coefficient  theorem) 

0  -•  HP(X;Z)  0Z   -  HP(X;Z  )  -*  HP+1(X;Z)  *  Z  -  0 
n         n  n 

that       0  =  HP(X;Z)  QZ  =  HP(X;  T)/  nHP(X;  Z)   and  that 

0  =  HP+1(X;Z)  *  Z  =  [h  £HP+1(Z;Z)|nh  =  0}.  Hence, 
(using  Proposition  4.5),  we  conclude  that  H  (X;Z)  is  uniquely 
n-divisible. 

This  result  has  the  curious  consequence  that  the  contravariant 
functor  H  (-;Z)  (for  any  p  ^ 1)  carries  an  injective  object  in  the 
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category  of  compact  T   spaces  to  an  injective  object  in  the  category 
of  Abelian  groups. 

As  another  corollary  to  Proposition  4.7,  we  have  the  following. 

Proposition  4. 14 

If  the  continuum  X  admits  an  idempotent  continuous  multiplica- 
tion m  :  X  x  X  -♦  X  having  a  left  and  right  zero,  then  X  is  acyclic. 


Proof: 


To  prove  that   H  (X;Z)  -   0   for  p^l,  we  proceed  by  induction 


on  p.   A  :  X  -*  X  x  X  will  denote  the  diagonal  map.   If   p  =  1   and 

1  yk      sic  s4c  sic  sic 

h  e  H  (X) ,  then  by  Proposition  4.7,  h  =  A  m  h  =  A  (m  (h)  X 1 +  1  Xm  (h) ) 

*  *       *       * 

=  m  (h)  U  1  +  1  U  m  (h)  =  m  (h)  +  m  (h)   where  m  ,m  :  X  -»  X  may  be 
J.  di  X         "ft  1   *- 

taken  to  be  m  (x)  =  m(x,z)   and  m  (x)  =  m(z,x)   where   zeX   is 

*  * 

arbitrary.   But  if   z  is  the  zero,  then   m  =  0  =  m   so  that   h  -   0. 
Thus  H1(X)  =  0. 

Now  suppose  p>l   and  H  (X)  =  0   whenever   0  <  i  <  p. 
Then  again  we  have  h  =  m  (h)  +  m  (h)  =  0   for  any   h  eHP(X); 
hence  HP(X)  =  0. 

Proposition  4. 14  above  is  reminiscent  of  a  result  of  Wallace 
[21]:   If  a  continuum  S  admits  a  semigroup  with  zero  and  if  the  set  of 
idempotents  E  is  commutative  and  satisfies  S = ES =  SE ,  then  S  is  acyclic. 


SECTION  5  PROBLEMS 

1.   If   X  is  a  space,  then   Xt  admits  an  mn-mean  if  and  only 
if   X  admits  both  an  m-raean  and  an  n-mean(?).   We  have  seen  that  this 
is  true  if   X   is  a  solenoid  (Corollary  3.6).   Furthermore ,  if   X 
admits  an  mn-mean  f  :  X   -•  X,  then  fog  is  an  n-mean  where 

g:X  -X    is  defined  by  g(xi x^)  =  (x^  . . .  .x^^ xg  , .  .  .  , 

x  x  )   each  factor  being  repeated  m  times. 

2.  If   X   is  a  locally  connected  continuum  which  admits  an 
n-mean  for  each  n^l,  then   X   is  acyclic  (?).   It  has  been  seen  that 
the  local  connectedness  hypothesis  cannot  be  removed  (the  rational 
solenoid  2  )   and  that  a  polyhedron  which  admits  any  n-mean  must  be 
contractible  [10]. 

3.  If   X   is  a  locally  connected  continuum  in  R   (p^2)  which 
admits  a  2-mean,  then  must   X   admit  all  n-means?   must   X  be  an 

-:-.--■  >  .\.:  i-    i-.-;  .-,.,- ,  -,' 

If   p  =  2,  both  conclusions  are  true  (Proposition  2.8). 

Also,  there  exist  (contractible)  locally  connected  continua  in  RP 
(p>2)  which 

(a)  admit  all  n-means  (I  ), 

or      (b)  admit  no  n-means  (Corollary  4.10). 
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There  exist  non-locaily  connected  (in  fact,  indecomposable)  continua 

3 

in  R  which 

(c)  admit  no  n-means  (E/0  „  .), 

(2,3,5,7 , 11, ... ) 

(d)  admit  some  but  not  all  n-means  (E  ) , 

n 

or      (e)  admit  all  n-means  (E  ). 


4.   If   M  is  an  n-mean  on  a  solenoid  E  ,  then  must   M  be 
a   

homomorphic?   We  have  seen  (Proposition  3.5)  that  the  solenoid   E 

-  ■  3. 

admits  an  n-mean  if  and  only  if  it  admits  the  homomorphic  n-mean. 


5.   If   X   is  a  circle-like  metric  continuum  which  admits  some 
n-mean,  then  X   is  a  solenoid(?).   For  definitions,  see  Mahavier  [15] 
in  which  he  proves:   if   X   is  a  circle-like  metric  continuum  which 
supports  a  semigroup  with  identity,  then  X  is  a  solenoid. 


6.  If   X   is  a  continuum  which  fails  to  admit  an  n-mean,  then 
under  what  conditions  does  the  cone   C(X)   admit  an  n-mean?   S   admits 
no  n-mean,  while  C(S  )  admits  all  n-means.   The  continuum  X  of 
Corollary  4. 10  admits  no  n-mean,  while   C(X)  admits  none.   If  a  space 

X   admits  an  n-mean,  then  so  does   C(X).   If   X   is  a  space,  then   C(X) 
admits  an  n-mean  if  and  only  if   C(C(X))  admits  an  n-mean.  (Because  a 
product  space  admits  an  n-mean  if  and  only  if  each  factor  admits  an 
n-mean,  while   C(C(Y))  =  C(Y)  X  I   for  any  space  Y  [18].) 

7.  Under  what  conditions  on  a  continuum  X   and  integer  k  S  2 

does  there  exist  a  continuous  function   f,  :  3?   (X)  -*  y  (XxX)  such  that 
— — k   2k       k       


f  ({x})  -    {(x,x)}   for  each  x  e  X? 
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If  such  a  function   f    exists  and  if   X   also  admits  a  uniform 

k 

2 
k-mean,  r  :  y  (X)  -*  X,  then  letting  m  :  X  -•  X  be  the  induced  2-mean 

n 

XxX     X 
(Proposition  2.3),  there  is  a  continuous  function  M:  2  '  —2      defined 

by  iM(C)  =  {m(c,c') | (c,c')  e  C]  whose  restriction  m'  :  J?  (XXX)  -•  3   (X) 

can  be  used  to  construct  the  uniform   2k-mean 

r  °  m'  o  f  ■  y2k(x)  -  ?k(xxx)  -  y  (X)  -  X. 

In  particular,  if   X   admits  a  function   f    and  X   admits 
a  2-mean,  then   X   admits  a  3-mean  and  a  4-mean.   If   X   admits  a  func- 
tion f   for  each   k  e  {2,4,8,16,...}  and   X   admits  a  2-mean,  then   X 
admits  a  uniform  n-mean  for  each   n^2. 

If   X   is  an  absolute  retract,  then  such  an   f,   exists  for 

k 

each  k  ^  2. 

8.  Is  there  a  space   X  which  admits  all  n-means  but  which  is 

00 

not  a  retract  of  5(X)  =  U  3?  (X)? 

n 

n=l 

9.  Under  what  conditions  on  a  compact  T   space  does  a  retrac- 

'  "  ■     ~   ■■■""■■ 

tion   r  :  Sr(X)  —  X   induce  an  order  on  X  in  such  a  way  that  an  infimum 
map   2  -*  X   extends  r? 
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